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Let x be an irreducible complex character of a finite group G and let Q&) 
denote the field obtained by adjoining the values of x to the rational field Q. 
Let Q, denote the field obtained by adjoining a primitive mth root of unity 
to Q. We say that x requires mth roots of unity if Qk) is contained in Q, 
and m is the smallest positive integer with this property. The following open 
question is raised by Feit 12, p. 411. Suppose that x requires mth roots of 
unity. Is it true that G contains an element of order m? The purpose of this 
paper is to provide an affirmative answer to the question in the case that G 
has odd order. 
In ( 11, Brauer showed that there is an affirmative answer to the question 
without restriction on the group order provided that each prime divisor of m 
occurs to the second power or more. We simply continue Brauer’s argument 
to deal with the prime divisors that occur only to the first power. Using the 
fact that no nonidentity element can be conjugate to its inverse in a group of 
odd order, we are able to avoid difficulties that seem to obstruct a general 
proof. The final section contains a partial converse to the main theorem. 
1. PRELIMINARIES 
Let p be a prime divisor of j G / and let ] G / = n = hp*, where (h,p) = 1. We 
say that an irreducible character x of G is p-rational if Q@) is contained in 
Q,,. Thus if x requires mth roots of unity, it is not p-rational for any prime 
divisor p of m. The Galois group H of Q, over Q,, is isomorphic to the 
Galois group of QPa over Q and is thus cyclic if p is odd. It is well known 
that actions of H on the irreducible characters and classes of G can be 
defined and that these actions are permutation isomorphic when H is cyclic. 
This is the substance of Brauer’s permutation lemma 12, p. 661. The 
following easily proved lemma appears in [3]. 
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LEMMA I. Let G be a group of odd order n = hp”, where (h, p) = 1. Let 
H be the Galois group of Q, ouer Q,,. Let t be the unique involution of H. An 
irreducible character of C is p-rational lf and only if it is fixed by z. 
We now derive a useful consequence of this lemma. Let ~~,..~~p~ be 
distinct prime divisors of 1 Cl, where /GJ is odd. Let hi be the pi-part of G 
and Iet Wi be the Gaiois group of Q, over Qh,. Let ti be the unique 
involution of Hi. The involution r = t, 4 ‘S t, is an element of the Galois 
group of Q, over Q. With this notation, we have the following result. 
LEMMA 2. An irreducible ch~rocter K of G is fixed by z = rI + 1’ z, if and 
only if it is fixed by each oft I ,..., r,. Thus the irreducible characters fled by 
t are precisely the characters that are p/-rational for all pi. 
ProoJ: Let n denote the set of primes p, ,..., pr. We say that an irreducible 
character of G is n-rational if it is p-rational for each prime in n. An obvious 
~eReralization of the d~ompositio~ of an element into its p-part and its p’- 
part shows that any efement g of G can be written uniquely in the form 
g=xy=yx, 
where the order of x is a x-number, and the order of y is a $-number. It is 
easy to see that 7 takes the class of g to the class of x-“JJ. Since no 
nonidentity element of a group of odd order is conjugate to its inverse, t fixes 
precisely the z-regular classes of G (that is, those classes whose elements 
have order coprime to each pi). It follows from Brauer’s permutation lemma 
that the number of irreducible characters fixed by 7 equals the number of ze 
regular classes. Now t clearly fixes the x-rational irreducible characters. 
However, Theorem f-3 of [3f states that the number of n-regular classes 
equals the number of irreducible z-rational characters. Our Iemma is thus 
proved. 
2. STATEMENT AND PROOF OFMAIN THEOREM 
THEOREM I, Let G be a group ox odd order and let x be an irreducible 
character of G that requires mth roots of unity. Then G contains an element 
of order m. 
Proof Let p, ,...9p, be the prime divisors of m that occur to the first 
power oniy and let qst...,4, be the primes that divide m to the second power 
or more. Put rn=piki, l<i<r, and m=q&, l<i<ss, Let rj be the 
involution of the Galois group of Q, over Qk, and Iet Si, of order qi, generate 
the Galois group of Q, over QI,. 
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Following the proof of Corollary 3 of [I], we assert that a product a of 
distinct ri and /3, cannot fix x. Since the 0, have coprime order and do not fix 
2, it is clear that o cannot fix x if it contains any 8j. However, we saw in 
Lemma 2 that if a product of distinct ri fixes a character, each T( fixes the 
character. Since x is not pi-rational for any rj, it is not fixed by any ri. Thus 
0 cannot fix x. 
We now see that Case A of Brauer’s Theorem 2, [ I], applies. There must 
be an element g of G such that six(g) #x(g), 1 < i < r, and BiX(g) #x(g), 
1 < i < s. The element g has order divisible by m, as required. 
3. PARTIAL CONVERSE TO MAIN THEOREM 
It is possible to gain a limited amount of information about the tields 
generated by the irreducible characters of a group G of odd order by 
examin~g the orders of the group elements. Let pl,...,pr be distinct prime 
divisors of ] G / and let rc denote the set of these primes. Let M be the z-part of 
1 G], and let k be the product of all the pr. Let E be a primitive mth root of 
unity and let o be the automorphism that generates the Galois group of Q, 
over Qk, with a(e) = E’. With this notation, we have the following result. 
THEOREM 2. The number of irreducible characters of G that require 
(p, . - . p,)th roots of unity equals the number of classes of n-elements x of G 
of order divisible by p1 . ‘. pr such that x is conjugate to xc. 
Proof. We proceed by induction on r, the number of primes. Suppose 
that G has u classes of z-elements. It follows from Theorem 1.3 of f3] that G 
has exactly u irredu~ibIe characters xl,...,xu whose values lie in Q,. 
Moreover, by Theorem 1.4 of [3 ], the Xi are linearly independent on the x- 
classes. Let H denote the Galois group of Q, over Qk. H permutes the 
classes of n-elements and the characters Xi, and since H is cyclic, it follows 
from Brauer’s permutation lemma that the number of xi fixed by H equals 
the number of a-classes fixed by H. We observe that the characters fixed by 
H are those whose values lie in Qk, whereas a z-class containing x is fixed 
by H whenever x is conjugate to xc. 
Let 7ci be a proper subset of n and let q be the product of all the primes in 
7c,. We define K(n,) to be the set of all classes of n,-elements x of order 
divisible by q such that x is conjugate to xc. We note that K(;lrr > and K(n,) 
are disjoint if rr,, K, are distinct subsets of 7~. It is easy to see from the 
induction hypothesis that the number of irreducible characters that require 
qth roots of unity equals the number of classes in K(n,). Now the number of 
irreducible characters that require kth roots of unity equals the number of 
irreducible characters whose values lie in Qk minus the number of irreducible 
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characters which require qth roots of unity, q ranging over all possible 
products of less than r primes in x. Our evaluation of these numbers in the 
preceeding work yields the desired result for the number of characters that 
require kth roots of unity. 
COROLLARY. Let G be a group of odd order. Let pI ,...,pr be distinct 
prime divisors of / GI and let k =p, . . - p,. Suppose that G has u classes of 
eie~ents of order k. Then G has at least u irreducible characters that require 
kth roots of unity. 
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